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c/3 ' Abstract 

Oi _i 

Let q = p^ he a prime power, and let f{x) = x™ — Gm-ix^ ^ _ . . . _ (j-^x — gq 

be an irreducible polynomial over the finite field GF(g) of size q. A zero ^ of / 

K^ ' is called nonstandard (of degree m) over GY{q) if the recurrence relation u^ = 

jD ■ (Tm-iUm-i + • • • + o"iiii + ctqUo with characteristic polynomial / can generate the 

\f^ , powers of ^ in a nontrivial way, that is, with uq = 1 and f{ui) ^ 0. In 2003, 

^D I Brison and Nogueira asked for a characterisation of all nonstandard cases in the 

t~^ ' case m = 2, and solved this problem for q a prime, and later for q = p^ with r < 4. 

^^ . In this paper, we first show that classifying nonstandard finite field elements is 

Q I equivalent to classifying those cyclic codes over GF(g) generated by a single zero 

that posses extra permutation automorphisms. 

Apart from two sporadic examples of degree 11 over GF(2) and of degree 5 over 

GF(3), related to the Golay codes, there exist two classes of examples of nonstandard 

Cd ' finite field elements. One of these classes (type I) involves irreducible polynomials 

/ of the form f{x) = x"^ — /o, and is well-understood. The other class (type II) 

can be obtained from a primitive element in some subfield by a process that we 

call extension and lifting. We will use the known classification of the subgroups of 

PGL(2, q) in combination with a recent result by Brison and Nogueira to show that 

a nonstandard element of degree two over GF(q) necessarily is of type I or type II, 

thus solving completely the classification problem for the case m = 2. 



1 Introduction 

In a sequence of papers |3l HI O [6], [7] , Brison and Nogueira investigated when and how 
a muhiphcative subgroup K oi a finite field can be generated by a hnear recurrence 
relation of order m with coefficients in a finite field GF(g), with q = p^ and p prime. If 
the recurrence relation has characteristic equation /(x) G GF(g)[x], then such a subgroup 
is called an f -subgroup. In particular, they call such an /-subgroup non-standard if it 
can be generated in a "non-obvious" way (that is, not as the sequence 1,^,^^, . . . with ^ 
a zero of /). 

Of particular interest is the case where the characteristic polynomial / of the re- 
currence relation is irreducible. In this case, there are two known types of nonstan- 
dard /-subgroups. Here one type, referred to here as type I, arises from the "degen- 
erate" case where / is of the form f{x) = x"^ — rj with rj G GF(g)* = GF(g) \ {0}. 
The other type, referred to here as type II, can be obtained from an /-subgroup 
K = GF(g™')* = GF(g'") \ {0} (so with / primitive) by a process that will be called 
"lifting" and "extension" in this paper. In the "irreducible order two" case where / is 
irreducible of degree m = 2, Brison and Nogueira have shown that there are no other 
examples ii q = p in[6] and, recently, if g = p*" with r = 2, 3, 4 in [7]. In this paper we first 
show that cyclic codes of length n over GF(g) generated by a single zero ^ of degree m 
over GF(g) that have "extra" permutation automorphisms provide examples of nonstan- 
dard /-subgroups, with / the minimal polynomial of ^ over GF(g). (In fact, we will show 
that in the irreducible case, these two exceptional kind of objects are equivalent.) As a 
consequence, we show that the binary and ternary Golay codes provide new nonstandard 
examples, of degrees m = 11 and m = 5, respectively. 

The main results in this paper, when combined with a result from a preprint [7] 
by Brison and Nogueira, can be used to show that there are no other examples in the 
"irreducible order two" case, for any q. To explain our approach, we introduce a few 
definitions. An element ^ in an extension field of GF(g) will be called nonstandard of 
degree m over GF(g) if its minimal polynomial / over GF(g) has degree m and the 
subgroup (^) generated by ^ is a nonstandard /-subgroup. (It turns out that in this case 
all generators are nonstandard, with the same degree and g-order as ^.) It can be shown 
that if / is irreducible of degree m over GF(g), then all /-subgroups are of the form 
(C,) = {1,^,^^, . . .}, for some zero .^ of / in GF(g'"). So in order to classify nonstandard 
/-subgroups with / irreducible, it is sufficient to classify nonstandard finite field elements. 

An important notion in this paper is the g-order ordg(^) of an element ^ in some 
extension of GF(g), the smallest integer d > such that ^'^ G GF(g). There exist two 
processes, that we call "extension" and "lifting" , which, given a nonstandard of degree 
m over a field GF(go), can be used to obtain a nonstandard ^ of degree m over an extension 
field GF(g), where q = q^ and gcd(m, t) = 1, with ordq(^) = ordgg(0) and (0) C (^). The 
nonstandard examples of type II are precisely the nonstandard elements of degree m over 
GF(g) and g-order (g^ — l)/(go — 1) that can be obtained from a primitive element of 
degree m over GF(go) by lifting and extension. 



Now, with each nonstandard finite field element of degree m over GF(g) and g-order d, 
we can associate a subgroup S in PGL{m, q) which, in the natural action on PG(r7i — 1, g), 
has an orbit of size d. In the case where m = 2, the properties of this group S together 
with the known classification of the subgroups of PGL(2, q) can be used to show that S is 
actually equal to some subgroup PGL(2, go) or PSL(2, go) of PGL(2, g), so that d = qQ + 1, 
where q = ql with t odd. Using this, we construct a nonstandard element of degree two 
over GF(go), of go-order go + 1, from which C, can be obtained by lifting and extension. 

Now a recent result from Brison and Nogueira [7] states that if (p is nonstandard 
of degree two over GF(go) and has go-order go + 1, then (p must be primitive. As a 
consequence, in the above situation, we can conclude that the nonstandard ^ is an known 
example, of the second type. 

The contents of this paper are as follows. In Section [2], we first introduce the problem 
in more detail. We discuss some well-known facts concerning linear recurrence relations 
and linear recurring sequences, and use these to redefine the notion of nonstandard finite 
field elements in terms of linearized polynomials (or g-polynomials). We describe the calls 
of examples of type I, and we show that, with a few exceptions, a primitive element is 
also nonstandard. 

In Section [3], we show that the classification problem for nonstandard finite field el- 
ements is in fact equivalent to the problem of classifying the cyclic codes with a single 
defining zero that have "extra" permutation automorphisms. 

The methods of lifting and extension to obtain new nonstandard elements from old 
ones are introduced in Section HI We illustrate these techniques by constructing a class 
of examples referred to as type II, from primitive elements in a subfield. 

In Section [5l we first use the companion matrix of an irreducible polynomial / of 
degree m over a field GF(g) to show that the g-order of a zero ^ of / actually equals the 
restricted period of /. Then, if ^ is also nonstandard, the companion matrix and another 
matrix, considered as elements of PGL(m, g), generate a subgroup H of PGL(m,g) that 
has an orbit of size d on PG(m — 1, g). 

In the remainder of the paper, we investigate this group H in the case where m = 2. 
First, in Section [H] we consider the case of small g-order 3, 4, or 5. Then, in Section [7] we 
use these results together with the known classification of subgroups of PGL(2, g) to show 
that H is a subgroup PGL(2, go) of PSL(2, go), where q = ql with t odd, and the g-order 
d equals go + 1. Finally, we establish the existence of a nonstandard of degree two 
over GF(go), with go-order go + 1, from which the original nonstandard ^ can be obtained 
by lifting and extension. Now a recent result by Brison and Nogueira [7] states that a 
nonstandard element of degree two over GF(go) and with go-order go + 1 is necessarily 
primitive in GF(gQ), that is, has order gg — 1; as a consequence, ^ must be of type II. 



2 Preliminaries 

Let F be a field. We will write F* = F \ {0} to denote the nonzero elements in F. The 
collection of polynomials in x with coefficients in F will be denoted by F[a;]. Consider the 
(homogeneous linear) recurrence relation 

Uk = am-lUk-l H h (yiUk-m+l + (JQUk-m, (1) 

where (Tq G F* and ai, . . . , a^-i G F. For later use, we define am = —1- Such a recurrence 
relation generates for any given sequence uq, ■ ■ ■ ,Um-i in an extension field L D F of F 
an {mth order) (homogeneous) linear recurring sequence u = u{uq, . . . ,Um-i) in L. The 
(monic) polynomial 

/(x) = a;™ - a^-ix"^'^ aix - a^ (2) 

in F[x] is called the characteristic polynomial of the recurrent relation ([1]); it has degree 
deg(/) = m. We will sometimes refer to a sequence u = {uk}k>o satisfying a recurrence 
relation ([1]) with characteristic polynomial / as an f -sequence. 

For later use, we state some crucial facts concerning linear recurring sequences that 
we need later on. To this end, we need a few definitions. A period of a linear recurring 
sequence m is a positive integer n for which Uk+n = Uk holds for all /c > 0; the smallest 
such number is called the smallest period of the sequence, and will be denoted by per(M). 
The order ord(/) of a polynomial / is the smallest positive integer N for which /(x) 
divides x^ — 1; if no such N exists then we define ord(/) = cxo. If ,^ is a nonzero element 
in some extension L of F, then we write 

(o = {l,e,e^•••} (3) 

to denote the (multiplicative) group generated by ^. The order ord(^) is the smallest 
positive integer n > for which SJ^ = 1; if no such n exists then ord(^) = oo. So we have 

that ord(0 = 1(01- 

Theorem 2.1 Let L ^ F be fields, and let u = Uq,Ui, . . . , be a linear recurring sequence 
in L satisfying a recurrence relation (Q]) with characteristic polynomial f as in ^. Sup- 
pose that f in F[x], with ctq 7^ 0, and let ord(/) < oo. Then peT{u)\ord{f) . Moreover, if 
f has m distinct zeros C,o, ■ ■ ■ , ^m-i, then we have the following. 

(i) The order ord(/) satisfy ord(/) = lcm(ord(^i) | i = 0, . . . ,?7i — 1); moreover, if each 
zero C,i of f has the same order n, then n = ord(/) = per('u) for each solution u of (QP 
with {Uo,...,Um-l) 7^ (0, ...,0). 

(a) Suppose that L contains all these distinct zeros of f . Then every solution u of ([I]j in 
L can be written uniquely as 

Uk = Lo^i + ■ ■ ■ + Ljn-l^rn-l 

(for all k > 0) with Lq, . . . Lm-i € L. 



Proof: For completeness' sake, we sketch a quick proof. First, if m is a solution of ([T]), 
then since do 7^ we may assume Uk to be defined for all integers k, and 

00 

fix) Y. ^-k^^ = 0- 

fc=— 00 

If g(a;)/(x) = x^ — 1, then multiplying both sides of the above relation by q{x) immediately 
shows that A^ is a period of u; hence per(M)|A^. Next, if n = per(u), then, writing 
u*{x) = Uox"'~^ + Uix"'~^ + ■ ■ ■ + Un-i and 0"™ = —1, we have that 

f{x)u*{x) = {l-x'')h{x), 

where 

m—l m—l—j 
j=0 i=0 

is a polynomial of degree at most m — l. So if ord(^j) = N = per(/) > n holds for all i, 
then ^" 7^ 0, hence h{^i) = 0, for alH = 0, . . . , m — 1, which is not possible since h has 
degree less than m. 

Finally, if ^ is a zero of / in L, then Uk = ^^ defines a solution to ([1]) in L. So 
obviously each L-linear combination of these m solutions is also a solution in L. Now 
the statement follows from the observation that Lq, . . . , L^-i can be uniquely determined 
from {uq, . . . , Um-i) in terms of a Vandermonde matrix over L. □ 

Remark 2.2 In [3], it was claimed that if f is irreducible over a finite field F, then as 
a consequence of m^, Theorem 8.28, each nonzero solution of the recurrence relation (QP 
with characteristic equation f has smallest period ord(/). However, the cited theorem 
only claims this to hold for solutions in F. The above proof, which, by the way, involves 
the same elements as the proof of Theroem 8.28 in fl4^ , shows that this also holds for 
solutions in an extension o/F. 

In [3], a finite multiplicative subgroup K of some extension L of F is called an /- 
subgroup if it can be generated without repetitions by the recurrence relation (Q with 
characteristic polynomial /. That is, K is an /-subgroup if there is a choice of mq, • • • , Um-i 
in K such that the recurring sequence u = Uo,Ui, . . . generated by ([1]) has (smallest) period 
1^1 and K = {uq, . . . ,M|i^|_i}. Note that we may assume without loss of generality that 
Mo = 1 by dividing all members of the sequence uhj Uq, if necessary. We say that K is an 
mth order linear recurring sequence subgroup if there is an / of degree m as in ([2]) with 
(To 7^ such that K is an /-subgroup. 

For later use, we note the following. For all fields L, a finite subgroup K of L* is 
necessarily cyclic, see for example []. So ii \K\ = n, then K consists precisely of the n 
solutions of the equation x"^ — 1, which must therefore all be distinct. We conclude that 
for a given field F, there exists a unique subgroup K of order n in some extension of F 



precisely when the characteristic char(F) of F satisfies (n, char(F)) = 1. In that case K 
is cychc, of the form K = (^), where ^ is a primitive nth root of unity in an extension L 
of F. 

If ^ a zero of a polynomial f{x) G F[x], then the sequence u^ = ^'^ satisfies the 
recurrence relation ([T]), and hence K = (^) is an /-subgroup. In P], an /-subgroup K 
with / of degree m = deg(/) = 2 was called nonstandard if K can be generated by a 
solution u of ([1]) with smallest period \K\ for which uq = 1 and ui is not a zero of /. 
Here, we extend this to the case of general degree, by calling an /-subgroup K = (^) 
nonstandard if K can be generated by a solution m of ([T]) with smallest period \K\ for 
which Uq = 1 and 

for all zeros ^ of /. An /-subgroup that is not nonstandard is called standard. 

Theorem 2.3 /// is irreducible overF, z/ord(/) < oo, and if f has no multiple zeros, 
then each f -subgroup K in an extension LofFis of the form K = {^), for some zero ^ 
of f in L. 

Proof: By Theorem 12 ■![ under these assumptions all nonzero solutions u of the recurrence 
relation with characteristic equation / have smallest period n = ord(/) = ord(^), for any 
zero ^ of /. So an /-subgroup is cyclic of size n, and since it is unique it must be equal 
to the group {^). □ 

Remark 2.4 As stated in f^, even when f is not irreducible, no f -subgroup is known 
that is not of the form {^) for a zero ^ of f , but it has not been proved that this must hold 
in general. 

In this paper, we will be interested in nonstandard /-subgroups. In view of the pre- 
ceeding remarks and observations, it seems reasonable to somewhat restrict our attention. 

From now on, we will assume that F is a finite field GF(g) with q = p^ and 
p prime, and that / is irreducible over F. 

If / is irreducible of degree m over GF(g), then / has zeroes 

e,e,...,e'""\ (4) 

for some ^ G Fqm, of order n = ord(/) dividing g*" — 1. Of course all zeros of / generate 
the same group {^), which is an /-subgroup. So in view of Theorem 12. 3[ the following 
definition makes sense. We will say that an element ^ in some extension of GF(g) is 
nonstandard of degree m over GF(g) and order n = ord(^) if the minimal polynomial 
f{x) of ^ over GF(g) has degree m and (^) is a nonstandard /-subgroup, of order (size) 
n. With this definition, the clasification problem of nonstandard elements over GF(g) is 
equivalent to the classification of nonstandard /-subgroups with / irreducible over GF(g). 
We will show later that if / is irreducible of degree m over GF(g) and f^ is a nonstandard 
/-subgroup of order n, then all elements of order n in K (that is, all generators of K) 



are nonstandard of degree m over GF(g) (but with different minimal polynomials). Or, 
stated differently, if i^ is a nonstandard /-subgroup with / irreducible over GF(g), then 
K is a nonstandard ^f-subgroup for all minimal polynomials g over GF{q) of generators 
oiK. 

The solutions of a recurrence relation for which the characteristic equation is irre- 
ducible can be described in terms of linearized polynomials , see, e.g., IH], Chapter 8. A 
q-polynomial of g-order m over an extension field L of GF(g) is a polynomial of the form 



L{x) = LqX + Lix'^ + ■ ■ ■ + Lm-lX'' 

with coefficients Lj in L for j = 0, . . . , m — 1, with Lm-i G L*. Sometimes, a g-polynomial 
is also referred to as a linearized polynomial, if the value of q is evident from the context. 
Note that such a polynomial is Fg-linear, that is, 

L{ax + by) = aL{x) + bL{y) 

for all a,b E Fg. We will call a g-polynomial nonstandard if it is not of the form L{x) = 
cx'^^ for some constant c and some nonnegative integer j, and standard otherwise. 

Theorem 2.5 Let C, € GF(g™) have minimal polynomial f{x) over GF(g) as in ^. 
(i) A sequence u = {uk}k>o in GF(g"^) satisfies the linear recurring relation (QlJ with 
characteristic polynomial f if and only if there exists a q-polynomial L{x) of q-order m 
over GF(g'") such that Uk = L{^'') for all k>0. 

(a) We have that C, is nonstandard of degree m over GF(g) if and only if there exists a 
nonstandard q-polynomial L{x) of q-order m such that L{{^)) = (C,). 

Proof: (i) Since / is the minimal polynomial of ^ over GF(g), we have that / is irre- 
ducible, with distinct zeros ^,^'^, . . . ,^'''" , all in GF{q"^). So if a sequence u = {uk}k>o 
in GF(g'") satisfies the recurrency ([1]) with characteristic polynomial /, then according 
to Theorem 12. H there are Lq, . . . , L^-i in GF(g™') such that 

Uk = L,e + L,e' +■■■+ Lm-ie^^" 

for all A; > 0. So if we let L{x) = Lqx+Lix'^ + - ■ ■-\-Lm-ix'^"^ , then L{x) is a g-polynomial 
of g-order m over GF(g'") for which Uk = L{C,'') for all A; > 0. 

(ii) From part (i), we seen that the subgroup (^) is generated by a solution u in GF(g'") 
of the recurrence relation with characteristic polynomial / if and only if the g-polynomial 
L{x) of g-order m corrsponding to this solution u satisfies L{{^)) = (C,). (Note that this 
can only happen if L is g-polynomial over GF(g'").) Now since L is g-linear and since 
1 = ^°, ^, . . . , ^"■"^ constitute a basis for GF(g™) over GF(g), the coefficients Lq, . . . , Lm-i 
of L are uniquely determined by the images -^(1), L{^), . . . , L{^"^~^). By replacing L{x) 
by L'{x) = L{x)/L{l) if necessary we may assume that -^(1) = 1. (Note that this 
does not change the "standardness" of the g-polynomial at hand.) Then the standard q- 
polynomials L{x) = x'^\ j = 0, . . . ,m — l, are precisely the g-polynomials that result in a 

6 



"standard" generation of the /-subgroup {^) where (uq, . . . , Um~i) = (1, ^'^\ • • • , ^*'™ ^■''^'')- 

n 

Next, we will discuss two nonstandard examples. Note that there are no nonstandard 
elements of degree m = 1. 

Example 1: The case where m > 1 and ^ G F*™ has order n > 4 and minimal 
polynomial of the form f{x) = x™ — rj with r] = ^™ G F* with 1] ^ 1. Note that if g = p^ 
with p prime, then {pjin) = 1. Also, we must have q > 2: indeed, if g = 2, then 77 = 1 is 
the only possibility, but since x™ — 1 = {x — 1){1 + x + ■ ■ ■ + x"^~^) is reducible, this does 
not occur. Under the above assumptions, ^ has g-order d = m, and 

(e) = {l,r/,r/^...,r/^-l}x{l,e,...,r-'}, 

where e = n/m is the order of rj and n is the order of ^. Note that e > 1, since if e = 1, 
then f] = 1 and x™ — 1 is not irreducible for m > 1. Now let r G Sm be a permutation 
with r(0) = 0, and define 

Lie) = v,c^'^ 

for j = 0, . . . ,m — 1. Finally, extend L by Fg-linearity to all of F^m. Since 1, ,^, . . . , ^™^i 
constitute a basis of F^m over Fg and since r is assumed to be a permutation, L is well- 
defined by Fq-linearity, and nonsingular on F^m. Hence, since L{^) C (^) by definition, 
we actually have equality here. 

There are precisely e™^^(m— 1)! possible g-polynomials L with L{1) = 1 and precisely 
m forbiden (standard) ones. Hence iie = 2,'m>3ore>3,m>2, then some L is 
nonstandard. This condition holds precisely when m > 2, e > 1, and n > 4. 

In particular, it is easily verified that there is an example of degree 2 over Fg with 
order n and g-order 2 if and only if n = 2e > 4 and both g and (g — l)/e are odd. We 
will refer to such examples as examples of type I. □ 

Example 2: Urn > 2 ot m = 2,q > 2, then a primitive element of F^m is nonstandard 
over Fq. This is the case where ^ G Fgm has order n = g™ — 1, so that {^) = F*m, where 
F*m = Fgm\{0}. Indeed, in that case any g-polynomial L G F^mfa;] that is nonsingular on 
Fgm will fix F*m as a set, so is nonstandard polynomial for ^ except when of the form C.'^x'^^ 
for some c & {0, . . . , g™ — 2} and some j G {0, 1, . . . , m — 1}. Here, L is called nonsingular 
if the associated Fg-linear map L on F^m is nonsingular; equivalently, if L{x) 7^ for 
X G F*m ■ Note that the requirement that L is nonsingular is necesary and sufficient for L 
to act as a permutation on F*™. 

Now there are precisely (g™ — 1) (g™ — g) ■ ■ ■ (g™ — g™~^) nonsingular Fg-linear maps on 
Fgm, which are all of the form of a g-polynomial in Fqm[x]. Precisely m{q"^ — 1) of these 
are "forbidden" , but all others provide nonstandard g-polynomials. It is easily shown that 
for integers m,q >2, we have 

(g™ - l)(g™ - g) ■ ■ ■ (g" - g™^^) > miq"-' - 1) 

except when m = 2 and g = 2. 



We will see later that primitive elements are particular cases of a class of examples 
referred to as type II examples. □ 

3 Automorphisms of cyclic codes 

In this section, we will show that the classification problem of nonstandard elements over 
GF(g) is equivalent to the problem of determining which cyclic codes over GF(g) defined 
by a single zero have "extra" automorphisms. We begin by a brief introduction to cyclic 
codes. For more details, see e.g. |15j . 

We will denote by Sn the collection of all permutations on {0, 1, . . . , n — 1}. In what 
follows, we will slightly abuse notation and use the same symbol vr to denote both a 
permutation from Sn and the induced permutation on the n-dimensional vectorspace 
GF(g)" given by 

TT : C t-^ C" = (C^(0), • • • , C^(n-l))- 

A cyclic code of length n over GF(g) is a GF(g)-linear subspace of GF(g)" closed under 
the map 

a : (Co, . . . , Cn-l) ^ (C„_i, Cq, . . . , Cn-2)- 

This map, as well as the underlying permutation 

(7 : i h^ i — 1 mod n, 

are both referred to as a cyclic shift. 

In what follows, we will identify a vector c = (cq, . . . , c„_i) G GF(g)" with its associ- 
ated polynomial 

n-l 

i=0 

in GF(g)[x] mod x" — 1. Note that the cyclic shift c°" of a vector c has corresponding 
polynomial c°"(x) = xc{x); so multiplication by x in GF(g)[x] mod x" — 1 correspond to a 
cyclic shift. 

Let nlq'"^ — 1, and let Z C F*m be a collection of field elements of order dividing n, 
so that a^ = 1 holds for all a E Z. The cyclic code of length n over GF(g) with defining 
zeroes Z is the collection C = C{n, q, Z) of all c = (cq, . . . , c„_i) G GF(g)" for which 

n-l 

c(a) = ^ Qa* = 

holds for all a E Z. We refer to an element c G C as a code word. Note that if c{x) is in 
C, then the cyclic shift xc{x) is again in C; since a cyclic code is also linear it is in fact 
an ideal in GF(g)[x] mod x*^ — 1. 

If c(x) has all its coefficients in GF(g), then c(x)'' = c(x^). As a consequence, the 
codes C{n, q, Z) and C{n, q, Z) are equal, where Z = {z'^^ \ z E Z ; i = 0, . . . m — 1} . 



A permutation it E Sn is called a permutation automorphism of a cyclic code C C 
GF(g)" if for all code words c = (cq, . . . , c„_i) G C, the permuted word 

C'^ = (C7r(0)) • • • ) C7r(n-1)) 

is again in C. Now 

n— 1 n— 1 

i=0 j=0 

SO beside the cyclic shift a also the Frobenius permutation (p : i \-^ qi mod n is a permu- 
tation automorphism of a cyclic code of length n over GF(g). 

The next theorem provides a relation between automorphisms vr of cyclic codes and 
g-polynomials fixing sets (^). 

Theorem 3.1 Let ^ G GF(g™')* /iawe order ord(.^) = n and degree m over GF(g), and 
let C C GF(g)" he the cyclic code C = C{n, q, {^}) of length n over GF(g) with defining 
zero ^. Then a permutation n E Sn is a permutation automorphism of C if and only if 
the map L : ^^ \-^ ^'^'^^^ extends to a q-polynomial of q- order m over GF(g™). 

Proof: First, suppose that L is a g-polynomial of g-degree m that fixes (^), and let 
TT G S'„ be the permutation induced by L, that is, let vr be such that L{^^) = ^'^^^'> for all 
i = 0, . . . ,n — 1. Then if c G C, we have 

n— 1 n—1 n—1 n—1 

= L(o) = LiY: c£) = y: cMC) = E ^^c^'^ = E c.-o)e 

i=0 j=0 j=0 j=0 

that is, c" is in C. So tt^^, and hence also tt, is a permutation automorphism of C. 
Conversely, let vr be a permutation automorphism of C. We define a g-polynomial 

L{x) = Lqx + ■ ■ ■ + Lm^ix'''" of g-order m by letting 

Lie) = c^'^ (5) 

for j = 0, . . . ,m — l, and then extending L to all of GF(g'^) by GF(g)-linearity. Note that 
since we assumed that ^ has degree m over GF(g), we have that 1, ^, . . . , ^'""^ constitute 
a basis for GF(g'^) over GF(g), so L is uniquely determined. We claim that now ([5]) 
holds for all j = 0, . . . ,n — 1. Indeed, let j > m. By our assumptions on ^, there are 
ao, . . . , Om-i £ Fg such that ^ = cto + c^i^ + ct2^^ + ■ ■ ■ + 0^-1^™"^ • Note that then 

i^(e) = «or^°^ + «ir^'^ + «2r^'^ + ■ ■ ■ + a„„ir^™~'^- (6) 

Now since C is the code with defining zero ^, the word 

c = (ao, . . . , am-i, 0, . . . , 0, -1, 0, . . . , 0), 



with 

aj, ifO<'i<m — 1; 

-1, if^=j; 

0, otherwise, 

is in C. So by our assumption that tt, and hence also vr"^, is a permutation automorphism 
of C, the word c'" is also in C. Hence we have that 



n-l 
1=0 



We conclude that L(^^) = ^'^^^^ holds for all j = 0, . . . ,n — 1, as claimed. □ 



In view of Theorem 12.51 we immediately have the following consequence. 

Corollary 3.2 Let ^ G GF(g'")* have order ord(^) = n and degree m over GF(g). Then 
the cyclic code C{n,q,C,) of length n over GF(g) with defining zero ^ has "extra permu- 
tation automorphisms" , that is, a permutation automorphism group stricktly larger than 
the group (a, 0) of order mn generated by the cyclic shift and the Frobenius permutation, 
if and only if S, is nonstandard of order n and degree m over GF(g). 

From the above corollary we can obtain two new examples of nonstandard elements. 

Example 3: (Binary Golay) Let q = 2, n = 23, and m = 11. Then n\2^^ — 1. Let 
a be primitive in GF(2^^), and let ^ = a^^ -i)/23 xhen ^ is a primitive 23-th root of 
unity in GF(2^^). The binary Golay code is the binary length n = 23 code with defining 
zero ^. It can be shown that this code has minimum distance 7 (in fact, it a perfect 
binary 3-error-correcting code). Its automorphism group is the Mathieu group M23, a 
simple group of order 200960, entirely consisting of permutations. As a consequence of 
Corollary 13.21 we conclude that ^ is nonstandard of order n = 23 and degree m = 11 over 
GF{2). Its 2-order is d = 23 > m, and we see immediately that this provides an example 
not of the form of the two known types. □ 

Example 4^ (Ternary Golay) Let g = 3, n = 11, and m = 5. Then n\2"^ — 1. Let a 
be primitive in GF(2^), and let ^ = o;^^''"^^/^^. Then ^ is a primitive 11-th root of unity 
in GF(2^). The ternary Golay code is the ternary length n = 11 code with defining zero 
C,. It can be shown that this code has minimum distance 5 (in fact, it a perfect ternary 2- 
err or- correcting code). Its automorphism group is twice the Mathieu group Mn, a simple 
group of order 7920, which itself consists entirely of permutations. As a consequence of 
Corollary 13. 2^ we conclude that ^ is nonstandard of order n = 11 and degree m = 5 over 
GF{3). Its 3-order is d = 11 > m, and we see immediately that this provides another 
example not of the form of the two known types. □ 

Examples of cyclic codes with "extra" automorphisms seem to be quite rare. For 
example, the only (binary) quadratic-residue codes with "extra" automorphisms of length 
less than 4000 are the (7,4,3) Hamming code and the binary Golay code [10] . 
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4 Extension and lifting 

For later use, we investigate when we can conclude that a g-polynomial L in GF(g'")[a;] 
for some of degree m that acts as a bijection on some other subgroup (^) of GF(g™)* is 
actually nonstandard for ^. The result is as follows. 

Lemma 4.1 Let L he a q-polynomial in GF{q^)[x], and let ^ have degree m over GF(g). 
// L{^i) = ^ii' fori = 0,...,m-l, then L{x) = x"' on GF(g'") . 

Proof: If ^ has degree m over GF(g), then 1,^, . . . j^'"^^ constitute a basis for 
GF(g™')/GF(g), hence a g-linear map L on GF(g™') is determined on GF(g™) by the 
images on 1, ,^, ... , ^'"~^. Also, if L in in GF(g™)[x], then L is determined as a polynomial 
by its action on GF(g™). □ 

We also need the following simple observation concerning degrees. 

Lemma 4.2 (i) An element ^ G GF(g™) of order n has degree m over GF(g) if and only 
if m is the smallest integer t > 1 for which n\q* — 1. 

(a) If (j) has degree m over GF(g) and ^ G GF(g™') has (j) G {^), then C, also has degree m 
over GF(g). 

Proof: (i) If n|g* - 1, then (^ = 6^"''^^/'' C GF(g*)*. 

(ii) If G (^), then (0) C (^), hence the order n oi (p divides the order of ^. Now the 

result follows from part (i). □ 

The order ord(^) of an element ^ G GF(g™) of degree m over GF(g) was defined as 
the smallest positive integer n for which ^" = 1. We now define the q- order ordq(^) as 
the smallest positive integer d for which C,'^ G GF(g). The g-order is an important notion 
in this paper. It is related to another notion, the resticted period, which was investigated 
in |5] and played an important role in [6J and [7]. Here, the restricted period 6{f) of a 
polynomial f{x) G GF(g)[a;] as in ([2]), with corresponding recurrence relation ([T]), is the 
first positive integer n for which the solution u = {uk}k>o oi ([I]) with 

[Uq, Ui,..., Um-2, Mm-l) = (0, 0, . . . , 0, 1) 

satisfies 

(MO, Ml, • • • , Mm-2, Mm-l) = (0, 0, . . . , 0, A), 

for some A G GF(g)*. The next theorem states this relation. 

Theorem 4.3 The q-order of an element $^ in an extension GF(g™') o/GF(g) is equal to 
the restricted period of its minimal polynomial over GF(g). 

We will prove this theorem in Section O In the next theorem, we collect some important 
properties of the g-order. 
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Theorem 4.4 Let ^ G GF(g) have degree m over GF(g), with order n = ord(^) and 

q-order d = ordg(^). 

(i) We have m < d and d\{q'^ — l)/(g — 1). 

(a) We have that 

d = n/{n, q — 1) 

and n = de, where e = {n, q — 1) satisfies {d, {q — l)/e) = 1. 

Proof: (i) li d = ordg(^) and EJ^ = rj (^ GF(g), then ^ is a zero of the polynomial x'^ — rj 
in GF(g)[a:]. Hence the minimal polynomial of ^, of degree m by our assumptions, divides 
x"^ — r], whence m < d. 

The collection of all integers A; > for which ^^ G GF(g) is an ideal, hence is of the 
form dZi. Now since ^ G GF(g™)*, we have that ip = ^('?™~i)/(5-i) satisfies ip'^~^ = 1, hence 
(p G GF(g). We conclude that ci|(g™ - l)/(g - 1). 

(ii)We have ^'^ G GF(g) if and only if ^'^('?~i) = 1, that is, if and only if n\d{q — 1), 
or, equivalently, if and only if n/{n, q — 1) divides d{q — l)/{n, g — 1). Since n/{n, q — 1) 
and [q — l)/{n, q — 1) are relatively prime, the latter happens if and only if n/{n, q — 1) 
divides d. If we now write e = {n,q — 1), then n = de and now the condition on e follows 
from the expression for d. □ 

We will refer to our next theorem as the extension theorem. It enables us to extend a 
nonstandard subgroup to a bigger one. 

Theorem 4.5 Let be nonstandard of degree m over GF(g). Then every ^ G GF(g)*(0) 
for which (0) C (^) (so with ^ = A0 and (f) = C for some A G GF(g)* and integer i) 
is again nonstandard of degree m over GF(g), with the same q-order as 0; moreover, 
every q-polynomial L{x) of q-degree m over GF(g™) for which L{{(f))) = (0) satisfies 

Proof: We begin by observing that GF(g)*(0) is a multiplicative subgroup of 
GFi^q'"^)*] since GF(g'^)* is cyclic, all its subgroups are also cyclic, and hence there exists 
an element 9 G GF(g'")* such that GF(g)*(0) = (9). 

Now let n = ord(0) and d = ordg(0) denote the order and g-order of 0, respectively. 
According to Theorem 14. 4^ we have that d = n/{n,q — l). Write k = (g — l)/(n, g — 1); for 
later use, we note that {d, k) = 1 and k\q - 1. Now GF(g)*(0) = GF(g)*{l, 0, . . . , 0°'-^} 
has size (g — l)d, hence 9 has order d{q — 1) = nk. So by Theorem 14. 4[ 9 has g-order 
ordg(6') = d{q — l)/{d{q — 1), {q — 1)) = d = ordg(0), so 9 and have the same g-order. 

Now let L be a g-polynomial of g-degree m over GF(g™') that fixes (0), say with 
L(0*) = 0'^'^*) for some permutation vr G S^- We claim that L{{9)) = (9). To see this, 
first note that if a G GF(g), then L(a0*) = aL(0^); hence L{{9)) = L(GF(g)*(0)) C 
GF(g)*(0) = (9). Now, suppose that L{a(t)'') = L{P(j)^) for some a,P e GF(g)* and some 
integers i,j. Then 

a0"(^) = aL(0^) = L(a0^) = L(/30^') = /3L(0^) = /30"(^), 
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and hence 

^ = a/l3 = ^'^^^^-W G GF(g)*. 

Therefore, 

Since L{{(f))) = {(f)), we conclude that 

hence 

so that a0* = Z^^-'. We have shown that L is one-to-one on GF(g)*(0) = (0), and hence 

Hm = {0)- 

Next, suppose that (0) C (^) C GF(g)*(0 = (^). Then n = ord(0)|ord(O and 
ord(^)|ord(^) = nk, hence there are integers s, t with k = st such that ord(,^) = nk/ s = nt. 
Moreover, since (nt, q — 1) = {n,q — l){dt, k) = {n,q — l)t, we conclude from Theorem 14.41 
that ^ has g-order ordg(^) = nt/{nt, q — 1) = d. So ^ and have the same g-order. 

Finally, since (0) C (^), we have that {(,) = K{(j)) with K the subgroup of GF(g)*, of 
order nt/d = et, where e = (n, g — 1) (since nt = det\d{q— 1), we have et\{q — 1) and such 
a subgroup K does indeed exist); in fact, we have K = {^) n GF(g)*. To see this, first 
note that since 0*^ e GF(g)* has order e = n/d = {n,q — 1) and K has order et, we have 
that (0^^) C K. Hence 

K{<P) = K(0'^){1, 0, . . . , 0'^-!} = K{1, 0, . . . , 0'^-!}, 

so that K = K{(f)) n GF(g)* and K{(f)) has size \K\d = etd = nt = ord(^), hence 

As a consequenmce, if L is a g-polynomial of g-degree m over GF(g™') that fixes (0), 
then L{{^)) = L{K{(j))) = KL{{(j))) C K{(f)) = (^); moreover since L is one-to-one on 
GF(g)*{l, 0, . . . , (j)'^-^} = (6) and (^ C (^), we conclude that in fact L((0) = (0- Now 
the desired conclusion follows from Theorem 12.51 □ 

Corollary 4.6 If (p is nonstandard of degree m over GF(g) and if an element ^ in some 
extension of GF{q) has the same order as 0, that is, if (^) = (0), then ^ is again non- 
standard of degree m over GF(g), with the same order and q- order as 0. 

Compare this "extension" results to Theorem 3.4 from [6]. 

Next, we present a technique to "lift" the nonstandardness of degree m over a subfield 
GF(go) of GF(g) to nonstandardness over GF(g), of the same order and sub-order, under 
certain conditions on go and g. We will refer to this Theorem as the lifting theorem. 

Theorem 4.7 Let go and q = q^ he prime powers, and let m he a positive integer for 
which {m,t) = 1. If ^ is nonstandard of degree m over Fg^, then ^ also is nonstandard of 
degree m over GF(g), of the same order and with the q-order of ^ equal to its q^-order. 
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Proof: To prove the above claim, we proceed as follows. First, we note that F^m C Fqi 
with q = Qq holds precisely when m\ti, hence precisely when m\i. So C, also has degree m 
over GF(g). 

Next, if ^ has degree m over GF(go), then C, G F^m; hence if ^ has order n, then 
n\q1^ — 1. Now according to Theorem 14. 4[ the go-order of ^ is c? = n/{n, q^ — 1) and its 
g-order is n/{n, q — 1). It is well-known and easy to prove that 

(go"^-l,g*-l) = gr'*)-l = go-l. 

Hence 

{n,q-l) = {n,ql-l) = {n,q^-l,ql~l) = {n,{q^-l,q',~l)) = {n,qo-l), 

so that the go-order and g-order of ^ are equal. 

Now, since {m,t) = 1, there is an integer u > 1 such that ut = 1 mod m. We claim 
that 

x"" = x"?" (7) 

holds for all x G F^m. Indeed, since g = go, we have that ([7]) holds if and only if 
jfflqo — rf,qo — rf, ^Qj. gj[ rf. ^ Fg™, whlch Is thc casc if and only if 

tu — 1 = mod sm, 

which is how we have choosen u. Note also that {u, m^ = 1, hence 

{0, u, 2m, . . . , (m — l)n} = {0, 1, 2, . . . , m — 1} mod m. (8) 

Now ^ is nonstandard of degree m over Fg^, so there is some nonstandard go-polynomial 

L'{x) = Lqx + Lix"" H h L^_ix'^™~' 

of g-degree m in Fgm[x] for which L{{^)) = (^). Define the "lifted" g-polynomial L{x) G 
GF(g™)[x] by 

L[x) = Lqx + Lix^ -!-■■■ + Lm-ix^ 

According to ([7]), we have that L\x) = L{x) on F^™,; in particular, we have that L{{^)) = 
L'{{C,)) = (C,)- Moreover, obviously L(x) is nonstandard if and only if L'(a;) is nonstandard. 

n 

Remark 4.8 Note that if ^ has the same minimal polynomial over two fields K and L, 
then by definition ^ is nonstandard over K if and only if ^ is nonstandard over L. The 
proof of Theorem |^.7| can also be interpreted as showing that under the conditions of the 
theorem, the minimal polynomial 

m—l m—1 

f{x) = n(x-e'') = Eix-^'') 

j=0 j=0 

of C, over GF(go) and over GF(g) are the same. 

14 



We can now use lifting and extension to construct nonstandard elements of degree m over 
GF(g) with g-order d, where q = Qq with (m, t) = 1, from a nonstandard element of degree 
m over GF(go) and go-order also d, by applying Theorems 14.71 and 14.51 We will use this 
method to construct generalisations of Example [H 

Example 5: Let go = P'"^ with p prime, let m > 2 and g™ > 4. Take q = p^ with 
r = st, and let (t, m) = 1. Finally, let ^ G F^m be primitive, so ^ has order n = q"^ — 1. 
In Example [21 we have shown that ^ is nonstandard of degree m over GF(go); its go-order 
obviously is (g^ — l)/(go — !)• So, according to Theorem 14.71 ^ is also nonstandard over 
GF(g), of order n = g™ — 1 and with g-order d = (g^ — 1) /(go — 1). 

Now we can use Theorem 14.51 to construct nonstandard elements of g-order d = 
(g™ — l)/(go — 1) and order A^ = d{qQ — l)k over GF(g), for all k dividing (g — l)/(go — !)• 
All these elements are powers of an element 6 G GF(g™') of order d{q — 1). These 
examples all have degree m over GF(g), have g-order d = (g™ — 1)/ (go — 1) > m and order 
n = de with go — l|e|g — 1. 

Obviously, each nonstandard element ^ of degree m over GF(g) with order n = de 
and g-order d = (g™ — l)/(go — 1) where go — l|e and g^ > 4 can be obtained in this 



e/(<?0-l) 



is primitive of degree m over Fg^ and nonstandard since 



way. Indeed, then = ^ 
g™ > 4, so ^ can be obtained from the nonstandard by lifting and extension. 
We will refer to this class of examples as type II examples. 



D 



5 A subgroup in PGL(m, q) related to a nonstandard 
element over GF{q) 

In this section, we will assume that ^ G GF(g'") is of degree m over GF(g), where q = p^ 
for a prime p, with order ord(^) = n and g-order ordq(^) = d. So rj = C,'^ ^ GF(g)*, 
and n = de, where e is the order of rj. Furthermore, we will assume that ^ has minimal 
polynomial 



/(^) 



X 



ar. 



-ix 



„Tn—l 



aix — (Jo 



over GF(g). 

Let the matrix 



/ 


■ 


■ 





O-Q 


1 


■ 


■ 





al 


1 


■ 


■ 





0-2 



T = Tf 



V ■ ■ ■ 1 (t™_i / 

denote the com,panion matrix of /, the matrix representation of the map /i : a(x) i— >■ 
xa{x) mod f{x) on GF(g)[x] mod f{x) (multiplication by x modulo f{x) with respect to 



the basis 1, x, . . . , a;™ . Equivalently, T is the matrix representation of multiplication by 
^ on GF(g™') with respect to the basis 1, ^, . . . , ^™-i of GF(g™), considered as vectorspace 
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over GF(g). Since f{x)\x'^ — r] with r] E GF(g) (or simply since ^'^ = rj), we have that 

T'^ = r]I. (9) 

We now first restate and prove Theorem 14.31 from Section [2l 

Theorem 5.1 If f{x) G GF(g) is irreducible over GF{q) and if C, is a zero of f , then the 
restricted period S{f) of f and the q-order OTdg{^) of ^ satisfy 6{f) = ordg(^). 

Proof: We first note that a sequence u = {uk}k>o is an /-sequence if and only if the 
vectors 

Uk,m = [Uk, Uk+l, • • • , Uk+m-l) 

satisfy 

for all A; > 0. As a consequence, if Uq^ = (mq, • • • , Wm-i) = (0, . . . , 0, 1), then Uq^^T"^ 

T 
0,m 



Xuq^ holds if and only if 



holds for i = 0, . . . ,m — 1. Now the matrix U with as its rows the vectors uj^ for 
i = 0, . . . , m — 1 is triangular with nonzero anti-diagonal, hence invertible. So from the 
above, we conclude that u^.^T'^ = Xuq^ if and only if UT'^ = XU if and only if T'^ = XI. 

D 

From now on, we assume that, in addition, 

L{x) = LqX + Lix'^ H h Lm-lLm-lX'^"' 

of g-degree m in GF(g™)[a;] that fixes {S), that is, there exists a permutation tx E Sn such 
that 

for all j = 0, . . . , n — 1 For later use, we will also assume that L{1) = 1. (As we remarked 
earlier, this represents no loss of generality.) For each i the standard g-polynomial L{x) = 
x'^' has this property. Note that according to Theorem 12. 5^ C, is nonstandard over GF(g) 
if and only if there is a nonstandard g-polynomial as above. 

By abuse of notation, we will also use L to denote the m x m matrix representation 
over GF(g) of the GF(g)-linear map x i— >• L{x) on GF(g™) with respect to the basis 
1,^,...,^'"-!. Note that if 

m—l 

e = E cFe, 

with Cj- in GF(g) for z = 0, . . . , m — 1 and all j > 0, then i^-' is represented by the vector 



c 



- [Cq , . . . , (-m-lj 
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in GF(g)'^. As a consequence, the matrix L has as its columns the vectors c^'"^^'> for 
j = 0, ...,m-l. 

Let us write C to denote the collection of all vectors c^^\ Then the above has the 
following consequence. 

Theorem 5.2 We have that 

T : c^^^ ^ c(^'+^\ L : c^-^'^ ^ M^'^\ 

so that the matrix group G = (T, L) in GL{m, q) fixes the collection C as a set. 

For later use, we also consider the following "normalisation". Write a = (Jm-i = 
TrGF(g'»)/GF(q), and assume that a 7^ 0. Let ^ = C,/a. Then C^ G GF(g™') again has 
g-order d and degree m over GF(g), with minimal polynomial 

f(x) = a;™ - 5-„_iX™"^ aix - otq, 

where ctj = o"j/o"™~*; in particular, 0-^-1 = 1. So 1,.^,...,^™"^ are another basis for 
GF(g™) over GF(g). We now write 

m— 1 
i=0 

with Cj in GF(g) for i = 0, ... ,m — 1 and all j > 0, so that ^^ is represented by the 
vector 

'^ — I'-O ? • • • ? '^m-ll ■ 



Note that 



gW ^ ^-j+vp) 



for all j > and alH = 0, . . . , ?ti — 1. 

The conjugate matrix M^ of a matrix M by an invertible matrix S is defined as 
M^ = SMS~^. Note that the conjugate M^ is the matrix representation of the same 
linear map, but with respect to a basis transformation given by S. We will write T to 
denote the companion matrix of f{x). Define the diagonal matrix D as 

D = diag(l,a,...,a'"-i). 

Our observations are summarized in the following theorem. 

Theorem 5.3 With the above definitions, we have that Dc'^^^ = a^c'^^\ Moreover, the 
conjugate T^ = DTD^^ ofT satisfies T^ = aT, and T^ and the conjugate L^ = DLD^^ 
of L satisfy 

T^ : a(^-) ^ ac^^+'\ L^ : d^^^ ^ ^-OV^'gC-OO. 

So the conjugate group G^ = {T^, L^) fixes the set C = {c^^^ | j = 0, . . . , n — 1} as a set. 
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In the remainder of this paper, we will use the groups G and G^ to obtain information 
on ^ and L, and, in particular, on the g-order ordg(^) of the nonstandard element ^. To 
this end, we will consider the sets C and C as subsets of PG(m— 1, g), and the groups G and 
G^ as subgroups of PGL(m, g), in its natural action on PG(m — 1, q). Here, PG(m — 1, q) 
consists of the lines through the origin in GF(g)". Equivalently, PG(m — 1, g) consists of 
the nonzero vectors v from GF(g)"', where we identify a vector v with its scalar multiples 
\v for A G GF(g)*. The group PGL(m,g) consists of the collection GL(m,g) of all 
nonsingular m x m matrices over GF(g), where we identify a matrix M with its scalar 
muhiples AM, for A G GF(g)*. 

Now we assumed that C, has g-order d, with ^'^ = rj & GF(g), so we have that the 
vector c*^'^^ representing ^'^ satisfies c^'^^ = r]c^'^\ Since c'--'^ = T^c^'^^ for all j, we see that 
the set C, considered as subset ofPG{m — l,g), has size d = ordg(.^). Note furthermore 
that since T^ = rjl, the matrix T has order d as element of the group PGL(m, g). Note 
also that 

where the union is disjoint. As a consequence, there exists a permutation t E Sd such 
that 

He) = vkC^"^ 

with Tjk G (77) C GF(g)*, for all A; = 0, . . . , n — 1. So L, as an element of PGL(m, g), acts 
on C, considered as a subset of PG(m — 1, g), by 

for j = 0, . . . ,d — 1. We summarize the above in the next theorem. 

Theorem 5.4 The groups G and Q^ obtained from a nonstandard element C^, considered 
as subgroups of FG{m,q), have orbits O = {c^^^ \ j = 0, . . . ,d — 1} and O^ = {£'-•'•* | 
j = 0, . . . ,d — 1}, respectively. Both O and O^ have size d = ord^(^) and contain 
1 = (1,0,...,0)^. 

6 The case m = 2 

We now investigate the case where m = 2 in more detail. So from now on, we will 
assume that m = 2. 

So here ^ G GF(g^) \ GF(g) is zero of the irreducible polynomial f{x) = x^ — aix — (Tq 
over GF(g), where we assume that ai 7^ 0. (So we assume that d = ordg(^) > 2.) Writing 
a = ai and A = ao/af, we also have that ^ = ^/a is zero of the polynomial f = x'^ — x — X. 
Note that, as a consequence, we have that 

e = l-l (10) 



Again, we assume that the g-polynoinial L{x) = Lqx + Lix'^ of g-degree 2 over GF(g^) 
fixes (^) as a set. As remarked before, we may assume without loss of generahty that 
L(l) = 1. Let ij,u e GF{q) be such that 

L(l) = l, LiO=uJ + i^C 

Put uj = uo/a. Then 

L(l) = 1, m =Cj + ul 

so that the matrix representations L and L^ of the map induced by the polynomial L on 
GF(g^) are given by 

Finally, it is easily verified that the matrices T (multiplication by S,) and T = a^^T^ 
(multiplication by ^) are given by 

In what follows, we will investigate the subgroup H = (A, F) of PGL(2, q) generated by 
the elements 

We will employ the usual identification of PG(1, q) with the set GF(g)U{cxD} by identifying 
the element (x, y) e PG(1, q) with the finite field element x/y G GF(g) if y 7^ and with 
00 a y = 0. As a consequence, a matrix 

from PGL(2, q) now acts on an element x from GF(g)+ = GF(g) U {00} as 

M : X \-^ {ax + b)/{cx + d). 



(i) Ji)^ -, Ji)/JJ) 



m 



So now the field element ^^ G GF(g^) corresponds to c'^-'^ = {cq ,Ci ) ~ Cq /ci 
GF(g)"*"; in particular, we have that 1 = c*-*^-* ~ 00 and ^ = c^^^ ~ 0. In the next theorem, 
we summarize the main consequences of the above definitions and assumptions. 

Theorem 6.1 Let^ have degree m overGF{q), withq-orderd = ordg(.^) > 2 and minimal 
polynomial f {x) = x^ — crx — Acr^. Let L he a q-polynomial of q-degree m overGF{q"^) that 
fixes {^), with L(l) = 1 and L(^) = atj + v^, and let A and F he the associated matrices 
as in 07]) . Then the following holds. 
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(i) The element A has order d in PGL(2,g), and no fixed points on GF(g)+. Moreover, 
we have that 

where the F^. are defined by Fq = 0, Fi = 1, and Fk+2 = Fk+i + ^Fk for all k. In 
particular, A has order d and F^ = if and only if k = mod d. The matrix A induces 
a map x i— > A/(l + x) on GF(g)"*". 
(a) The element T induces a map x \-^ {x + oj)/^ on GF(g)+. We have that 

\Q v'^ J ' 

In particular, if v has order e, then T has order e (if v ^ 1 or uj = 0) or p (if v = 1 and 

(Hi) The subset O = {cxd, A(cxo), . . . , A'^ ""^(oo)} o/ GF(g)"'" is an orbit of the subgroup E 
of PGL{2,q) generated by the maps A and T. The "standard" q-polynomials L{x) = x or 
L{x) = x'^ correspond to the cases u = 1, uj = 0, u = 0, and v = —1, uj = ai, Co = 1, 
respectively. 

Proof: Most of the claims are a direct consequences of our assumptions and definitions. 
Hence all orbits of A on GF(q')"'" have the same size d. The claim concerning the case 
where L{x) = x is evident. Finally, since ^ and ^'^ are the zeroes of f{x) = x"^ — aix — (Tq, 
we have that 

Hence if L{x) = x^, then v^ + uj = L{^) = ^^ = cri — ^, so that u = —1 and u = ai. □ 

It turns out that the cases rf = 3, 4, 5 need a special treatment. For later use, we now 
collect the required extra information. Note that according to Theorem 16. ![ the orbit O 
has size d and is given by 

O = {oo, 0, A, A/(l + A), A(l + A)/(l + 2A), A(l + 2A)/(1 + 3A + A^), . . .}. (12) 



Lemma 6.2 There are no nonstandard ^ of degree 2 over GF(g) with q-order d = 3. 



Proof: From flT2|) we see that if ci = 3, then necessarily A = —1. Now since O is also 
invariant under F, we have that 

O = {00,0,-1} = {oo,u/u,{-l + u)/u} 

. So we have one of two cases: 

1. cD = 0. Then i/ = 1, so we are in the case where L[x) = x. 
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2. uj = 1. Then u = —1, so we are in the case where L{x) = x'^. 
Since there are no other possibihties, the claim follows. □ 

Lemma 6.3 // ^ is nonstandard of degree 2 over GF(g) with q-order d = 4, then p = 3 
and C, = C,/(r is primitive in GF(9). Moreover, S is actually a subgroup o/PGL(2,3). 

Proof: From (TT2|) we see that ii d = 4, then necessarily A = —1/2. Now since O is also 
invariant under F, we have that 

O = {oo, 0, -1/2, -1} = {oo, u/u, (-1/2 + Co)/u, (-1 + Co)/u} 

. So we have one of three cases. 

1. UJ = 0. Then {—1/2, —1} = {(— l/2)/z/, — 1/z/}, so either z/ = 1 (which corresponds 
to the case where L{x) = x), or z/ = 1/2 = 2, so the characteristic p = 3 and 
z/ = -1. 

2. u = 1/2. Then {-1/2, -1} = {(l/2)/z/, {-l/2)/nu}, so p = 3, cD = 1/2 = -1, and 
either z/ = — lorz/ = l. 

3. UJ = 1. Then {—1/2, —1} = {l/iy, (l/2)/z/}, so either u = —1 (which corresponds to 
the case where L{x) = x'^), or z/ = —1/2 = —2, so that p = 3, u = 1, and uJ = 1. 

We are left with four cases. All have p = 3, so that ^ is zero oix^ — x — X = x'^— x — 1 
and ^ is primitive in GF(9). Note that these four remaining cases represent the different 
nonstandard ways of mapping the nonstandard subgroup GF(9)* onto itself. In all these 
cases. A, u, and u are in GF(3), hence S is actually a subgroup of PGL(2, 3). □ 

Lemma 6.4 If ^ is nonstandard of degree 2 over GF(g) with q-order d = 5, then p = 2, 
and C, = ^/cr is primitive in GF(16). Moreover, S is actually a subgroup o/PGL(2,4). 

Proof: From flT2|) we see that ii d = 5, then necessarily A^ + 3A + 1 = 0, so that 
A = —(A + 1)^. For later use, we remark that in characteristic p = 2, we have that A is 
primitive in GF(4) and ^, the zero oi x"^ + x + X, is primitive in GF(16). So we are done 
if we can prove that in all cases p = 2, or {u, uj) = (1, 0) (corresponding to the case where 
L{x) = x), or (z/, cD) = (—1, 1) (corresponding to the case where L{x) = x'^). 
Now since O is also invariant under F, we have that 

O = {oo, 0, A, -1 - A, -1} = {oo, uj/u, (A + uj)/iy, (-1 - A + uj)/iy, (-1 + u;)/z/}. 

So we have one of four cases for uj. 

1. Co = and {A, -1 - A, -1} = {A/z/, (-1 - \)/u, -1/z/}. Then z/ G {1, A/(-(l + 
A)), —A} = {1,1 + A, —A}, so we have one of the following. 
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(a) u = 1 (corresponding to the case where L{x) = x); 

(b) u = 1 + A, {A, -1} = {-1, -1/(1 + A)}. Hence A = -1/(1 + A), or A^ + A + l = 0; 
combined with the other equation for A this shows that, in addition, p = 2. 

(c) u = -A, {A,-l - A} = {(1 + A)/A,l/A}. So either A = (1 + A)/A and 
— 1 — A = 1/A, whence p = 2, or X = 1/A, which leads to an impossibihty. 

2. u = -X and {A, -1 - A, -1} = {-X/u, (-2A - l)/z/, (-A - l)/u} = {-X/u, (A^ + 
A)/z/, (—A — l)/z^}. Then z/ G { — 1, A/(l + A) = —(1 + A), A}, so we have one of the 
following. 

(a) u = —1. This leads to p = 2 or an impossibility. 

(b) z/ = — (1 + A). Then either p = 2, or an impossibility. 

(c) V = X. Here either j9 = 2 or an impossibility. 

3. tu = l + Aand{A,-l-A,-l} = {{l + X)/nu,{2X + l)/u,X/v} = {{l + X)/v,-{X'^ + 
A)/z/, A/z/}, so we have one of the following. 

(a) z/ = —(1 + A). Then we have —(1 + A) = — A/(l + A), which leads to p = 2. 

(b) u = — (A^ + A). Then either an impossiblity or A = —1/(1 + A), which leads to 
p = 2. 

(c) u = —A. Then either p = 2, or an impossibility. 

4. oj = 1 and {A, — 1 — A, —1} = {1/z^, (l + A)/z/, —A/z/}, so we have one of the following. 

(a) u = —1. This corresponds to the case where L{x) = x'^. 

(b) z/ = — (1 + A). This leads to p = 2 or an impossibility. 

(c) u = X. Here either A = 1/A and — 1 — A = (1 + A)/A, which leads to p = 2, or 
A = (1 + A)/A and — 1 — A = 1/A, which again leads to p = 2. 

So in all nonstandard cases we have p = 2. Moreover, in all these cases. A, uj, and u are 
in GF(4), hence S is actually a subgroup of PGL(2,4). □ 

7 A subgroup in PGL(2, q) 

The groups PGL(2, q) are one of the few groups for which the complete subgroup structure 
is known. In this section, we will use this knowledge to obtain further information on the 
subgroup H of PGL(2, q) from Theorem 16.11 For our purposes, the following is sufficient. 



22 



Theorem 7.1 (|13]. |16j. [11]) Let q = p^ with p prime. 

(i) If M is a non-identity element in VGL{2,q) of order k, with f fixed points, then all 

orbits of size > 1 have size k, and either f = 1, k = p, or f = 2, k\q — 1, or f = 0, 

k\q + l. 

(a) The subgroups of PGL{2,q) are as follows: 

1. Cyclic subgroups C^, of order k = 2 (if p is odd), or of order k > 2 with k\q ± 1. 

2. Dihedral subgroups D2k of order 2k, with k = 2 (if p is odd), or with k > 2 and 
k\q±l. 

3. Elementary abelian subgroups E^k, of order p^ with < k < r. 

4- A semidirect product of the elementary subgroup E^k, where 1 < k < r, and the 
cyclic group Ce, where i\q — 1 and (!.\p^ — 1. 

5. Subgroups isomorphic to A^ = PSL(2,3), S^ ^ PGL(2,3), or A^ = PSL(2,4). 

6. One conjugacy class of subgroups isomorphic to PSL(2,p^), where k\r. 

7. One conjugacy class of subgroups isomorphic to PGL(2,p^), where k\r. 

In the references, the classifications are given for subgroups of PSL(2, q). If g is even, 
then PSL(2,g) = PGL(2,g). To obtain the classification for PGL(2,g), note that if q is 
odd, then PGL(2, q) is a subgroup of PSL(2, q"^) and has a unique subgroup PSL(2, q), of 
index two. A similar classification has been used e.g. in |0 and ^ in the case where q is 
odd. 

We now use this classification to show the following. 

Theorem 7.2 The group S from Theorem \6.1\ is one of the following. 

• A cyclic group, in the case where L{x) = x; 

• a dihedral group, in the case where L{x) = x'^ ; 

• a group of the form PSL(2,go) or PGL(2,go); i'^ the nonstandard case, with d = 
go + 1 > 3 and q = qQ, where t is odd. 

Proof: We break the proof into a number of cases. 

(1) The subgroup H cannot be cyclic except when L{x) = x. Indeed, if S is cyclic, then 
A and F commute, that is, AP = PA. It is easily verified that this happens if and only if 
a; = and 1^ = 1, that is, if P = /. 

(2) The subgroup S cannot be dihedral except when L{x) = x'^. Indeed, A has order 
(i > 2, so if S is dihedral, then both P and PA have order two. Hence u = —1 and 
uj = —u, so according to Theorem 16. ![ we have L{x) = x'^. 

(3) The subgroup S cannot be elementary abelian of order p^ . Indeed, since d\q + 1, we 
have (c?, p) = 1, so the order of A cannot be a power of p. 
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(4) The subgroup H cannot be seniisimple product of an elementary abelian group of 
order p^ with a cychc group of order £, if (i\q — 1 and C.\p^ — 1. Indeed, suppose that this 
would be the case. The semidirect product has cardinality p^d, and since {d^p) = 1, we 
would conclude that d\i, hence d\q — 1. Now we also have that d\q + 1, so it would follow 
that d\2, which is impossible ii d > 2. 

(5) If the subgroup E is one of A4, S4, or As, then the order d > 2 of the element A e S 
is one of 3, 4, or 5. These cases were handled in Section [61 In Lemma [6.21 it was shown 
that the case d = 3 is not possible. In Lemma [6.31 it was shown that if 0? = 4, then p = 3 
and the group S is a subgroup of PGL(2, go) for qq = 3. Finally, in Lemma 16. 4[ it was 
shown that if d = 5, then p = 2 and the group S is a subgroup of PGL(2, go) with go = 4. 
As a consequence, since we are not in one of the cases (1-4) above, we must have one of 
the cases (6), (7) below. 

(6), (7) Here we have that S is isomorphic to either PSL(2, go) or PGL(2, go), with GF(go) 
a subfield of GF(g). Such a subgroup is conjugated in PGL(2, g) to the "obvious" subgroup 
consisting of invertible matrices with entries in GF(go). It is easily verified that these two 
groups both have one orbit GF(go)+ of size go + 1, and one orbit GF(gQ) \ GF(go) of size 
go — go- Moreover, it is easy to show that both groups act regularly on GF(g^) \ GF(go). 
Indeed, this immediately follows from the fact that the fixed points in GF(g)+ of a non- 
identity map M : X I— > {ax + b)/{cx + d) with a,b,c,d G GF(go) are the zeros of the 
non-trivial polynomial cx^ + {d — a)x — hoi degree two over GF(go), hence are contained 
in GF(gQ). (For more details, see, e.g., [I2]-) So all other orbits of S are of size |S|, hence 
have a size equal to go(go ~ 1) oi' Q'o(?o ~ l)/2 (if ? is odd and Gq = PSL(2, go). Since S 
has an orbit of size d and since d\q + 1, we have {d, g) = 1 and hence we must have that 
d = qo + 1. 

Now note that since A has order d and no fixed points, all orbits of A have size d, 
hence d\q + 1. So in the nonstandard case, we have q = p^ and c? = go + 1, with go of the 
form go = p^ and with s|r, that is, with q = q^ for some t. Since d\q + 1, it follows that t 
is odd. □ 

Next, we want to show that if G is isomorphic to PSL(2,go) or PGL(2,go), then A, z/, 
and uj are actually contained in GF(go). To this end, we need some preparation. If 
M = (Mij) is a matrix over GF(g), where q = p^, then we write M^^"^ to denote the 
matrix with entries Mf,. 

Lemma 7.3 (|12|) Let q = q^ and let M G PGL(2,g). Then M is contained in 
PGL(2, go) if and only zf M^"?") = 0M holds for some (p G GF(g)*. 



Proof: The proof in [12] uses Galois theory. For completeness' sake, we sketch a simple 
proof here. (In fact, many different proofs are possible.) The matrix 

M = 

is in PGL(2,go) precisely when some multiple jdM of M has all its entries in GF(go), so 
when the map x ^^ {ax + b)/{cx + d) fixes GF(go)"^ as a set. Now {{ax + b)/{cx + d)y° = 
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{ax + b)/{cx + d) for all x G GF(go)'^ leads to a second degree equation that is identically 
zero on GF(go), so has all coefficients equal to zero. From the resulting three equations, 
the lemma follows. □ 

Next, for a matrix M over GF(g), we write det(M) and Tr(M) to denote the determinant 
and trace of M, respectively. Also, we write M"^ to denote the conjugate AMA^^ of M 
by A. over 

Lemma 7.4 Let GF(go) be a subfield o/GF(g). 

(i) A matrix M over GF(g) is contained in a subgroup of PGL(2, q) isomorphic to 
PSL(2, go) or PGL(2, go) if and only if (M^)(«o) = 0M^ for some matrix A m PGL(2, g) 
and some G GF(g)*, where 0^ = det(M)''o-i and either = Tr(M)^o-i or Tr(M) = 0. 

(a) If a matrix M over GF(g) is contained in a subgroup o/PGL(2, g) isomorphic to 
PSL(2,go) or PGL(2, go), then either Tt{M) = or Tr(M)2(9o-i) = det(M)'?o-i. 

Proof: If M is contained in some subgroup of PGL(2,g) isomorphic to PSL(2,go) or 
PGL(2, go), then there is a matrix A G PGL(2, g) such that M^ is contained in PSL(2, go) 
or PGL(2,go), that is, according to Lemma 17751 

for some A G PGL(2,g) and some G GF(g)*. Now det(M^) = det{A) and Tr(X^) = 
Tr(X), so from flT3|) . we conclude that 

det(M)''o = 02 det(M), Tr(M)«° = 0Tr(M), 

hence 0^ = det(M)'?o~i ^^^ ^^^Yibt Tr(M) = or = Tr(M)«o-i. D 

Now we apply this result to our matrices A and F. The result is as follows. 

Theorem 7.5 In the nonstandard case, there exists a prime power go such that d = 
go + 1 > 3, g = go with t odd, and the subgroup S = (A, F) o/PGL(2,g) generated by A 
andV as in Theorem \6.1\ is equal to either PS L{2,qQ) or PGL(2, go). Moreover, we have 
A, z/, (I; G GF(go), and GF(go) is the smallest subfield o/GF(g) containing A. 

Proof: Acccording to Theorem 17. 2[ in the nonstandard case we have q = q^ with t odd, 
d = qo + I, and H conjugate in PGL(2,g) to either PSL(2, go) or PGL(2,go). Now ffist, 
since det(A) = —A and Tr(A) = 1, we see from Lemma [7.41 that A must be contained in 
GF(go). Next, since the orbit (A)(cxd) of A containing cxd has size c? = go + 1, it must be 
equal to GF(go)^; since it is fixed by S, we must now have F(GF(go)"*") = GF(go)"'". This 
immediately implies that both u and ui must be contained in GF(go). □ 

Wev will now use this result to show the following. 

Theorem 7.6 A nonstandard elements of degree two over a field GF(g) with q-order d 
is either of type II, with d = 2 and of the form as in Example U\ so has n = 2e with both 
q and (g — l)/e odd, or is of type I and has d > A of the form d = qo + 1, for some go 
such that q = ql with t odd, and can be obtained from a nonstandard element of degree 
two over GF(go) with q^-order go + 1 by lifting and extension as in Theorems \4-l\ and \4-5\ 
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Proof: Let ^ be nonstandard of degree m = 2 over GF(g), with minimal polynomial 
/(x) = x"^ — ax — a^X over GF(g), and let ^ has order n = de and g-order d = ordg(^). 
According to Theorem 14.41 we have e = (n, g — l)|g — 1 and {d, {q — l)/e) = 1. 

Now d = 2 ii and only if cr = 0; in that case ^ is of type II, so as in Example [H So 
in addition we will assume that d > 2 and a ^ 0. Write ^ = ^/cr. Then ^ has minimal 
polynomial / = x"^ — x — X. Let L{x) be a nonstandard g-polynomial of g-degree two 
ovej GF(g2) that fixes (0, with L(l) = 1 and L{^) = u + u^. Write uj = u/a. Then 
L(^) = a) + nuC,. 

According to Theorem 17. 51 we now have that d = qo + 1 > 4, where q = Qq with t odd, 
and A, tu, z/ G GF(go), with (z/, a)) 7^ (1, 0), (—1, 1). We claim that L is a GF(go)-linear map 
of go-degree two on GF(gQ). This can be shown as in the proof of the "lifting" theorem, 
but can also shown directly, as follows. Since ^ has minimal polynomial f{x) = x"^ — x — X 
with A G GF(go), we have that 1, ^ is a basis for GF(gQ) over GF(go); moreover, since t is 
odd, we have ^'^ = ^''0 = C,'^°. Hence L is go-linear over GF(gQ). 

Now L is a bijection on (^) and maps GF(gQ) into GF(gQ); we conclude that L is also 
a bijection on (^) fl GF(gQ) = (0), where = ^^° with Sq the gg-order of ^. Hence is 
nonstandard of degree 2, both over GF(g) and over GF(go). 

For later use, we want to show that (g — l)/e must be odd. Indeed, we have n = de 
with d = qo + 1 and e|g — 1. Now, as easily verified, 

/ ,1 IN / lit i\ f 1, if 9o is even; 

(^o + l,g-l) = (^0 + 1,^^-1) = I 2, i^isodd, 

hence 

q^ + l = d = n/{n, g - 1) = (go + l)e/((go + l)e, g - 1) = (go + l)/(go + 1, (g - l)/e) 

holds precisely when (g — l)/e is odd. 

Next, by Theorem 14. 4[ we have that the gg-order ^o of ^ is given by 

5q = n/{n, g2 - 1) = e/(e, go - 1) = e/eo, 

where Cq = (e, go — 1). Note that = ^"^^ has order uq = n/60 = (go + l)eo. We claim 
that the go-order do of is equal to d. Indeed, 

do = no/im, go - 1) = (go + l)eo/((go + l)eo, go - 1) = (go + l)/(go + 1, (go - l)/eo, 

so we are done if (go — l)/eo = (go — l)/(e, go — 1) is odd, which follows immediately from 
the fact that go — l|g — 1 (so e contains every factor 2 contained in g — 1, so certainly all 
factors 2 contained in go — 1). 

Finally, we want to show that ^ can be obtained from by lifting and extension. Now 
lifting shows that, as remarked earlier, is also nonstandard of degree 2 over GF(g). We 
know by definition of that (0) C (^), hence according to Theorem 14.51 we only have 
to show that ^ G GF(g)*(0). To this end, write t] = ^10+^. Then r] G GF(g)*, so it is 
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sufficient to show that ^ G {r]){(f)). Since r] = ^^0+^ and = ^^/'^o, this subgroup contains 
all powers C,'' of ^ where /c is of the form 

k = i(go + l) + je/eo- 

So we are done if we can show that (go + 1, e/eo) = 1; since e\q — 1 and q = q^ with t odd, 
we have (go + 1? ? ~ 1)|2 and we have to show that e/eo is odd. This is evident in the case 
where g is even, so we also assume that g is odd. Write 

g - 1 = 2's, go - 1 = 2'°so. 

Now 

g - 1 = g* - 1 = (go - 1)(1 + go + ■ ■ • + g^'), 

and go = 1 mod 2, hence 

1 + go + ■ ■ ■ + go^^ = t = 1 mod 2; 

we conclude that ro = r. Moreover, (g — l)/e is odd, so e = 2*"/ with / odd; therefore 
eo = (e, g — 1) is also divisible by 2^ and hence e/eo is indeed odd. □ 

Now in Theorem 2.4 of [7J, it is shown that a nonstandard finite field element of degree 
two over GF(g) with g-order g + 1 is necessarily primitive, that is, has order g^ — 1. 

Corollary 7.7 A nonstandard element of degree two over a field GF(g) either is of type 
I, with q-order 2 as in Example [H or is of type II, with q-order of the form go + 1 > 4 
with g = go for an odd integer t, as in Example O 
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